Algebra, Functions and Equations
Worked solutions for practice problems

1.

In an arithmetic sequence, the first term is 5 and the fourth term is 40. Find the second term.
u,=u +n-—1)d
40=54+4-1)d

40-5 35

d = = —
3 3

35 50

Uy =5+— ="
3 3

Note that, in general, alternative forms of numbers are fine if the question doesn’t ask for a
particular form. In this case, you could also give the answer as 165, 16.6, or 16.7 (correct to 3

significant figures).

An arithmetic series has five terms. The first term is 2 and the last term is 32. Find the sum
of the series.

S n( + u,)
= —u u
n 2 1 n

S = 2(2+32) =2 34 =85
) 2 T

$1000 is invested at the beginning of each year for 10 years.
The rate of interest is fixed at 7.5% per annum. Interest is compounded annually.
Calculate, giving your answers to the nearest dollar
(a) how much the first $1000 is worth at the end of the ten years;
(b) the total value of the investments at the end of the ten years.
(a) You would get a calculator for this problem. This is a geometric sequence, with » = 1.075.
u, =uy - r"!
However, since the first $1000 is put in at the beginning of the first year, that exponent will
be 10 and not 9, as 10 years will have passed by the end of the tenth year.
Uy = 1000 - 1.075'0 ~ 2061.03156... = $2061, to the nearest dollar
(b) This is more complicated. The first deposit earns interest for 10 years, the second for 9 years,
the third for 8 years, and so on. That looks like this:
1000 - 1.075'% 4+ 1000 - 1.075% + 1000 - 1.075% + ... + 1000 - 1.075"
1000(1.075'° + 1.075° + 1.075% + ... + 1.075")
I will use a geometric series formula for the part in parentheses, but it might be easier just to

type the terms.

1.075(1 — 1.075'%)
1000 - 1075 ~ 15208.1190... = $15208, to the nearest dollar




4. The diagrams below show the first four squares in a sequence of squares which are

subdivided in half. The area of the shaded square A is 7

(@

(b)

(©)

(2)

(b)

Diagram 1 Diagram 2

Diagram 3 Diagram 4

(i) Find the area of square B and of square C.
(ii) Show that the areas of squares A, B and C are in geometric progression.
(iii) Write down the common ratio of the progression.
(i) Find the total area shaded in diagram 2.
(ii) Find the total area shaded in the 8th diagram of this sequence.
Give your answer correct to six significant figures.
The dividing and shading process illustrated is continued indefinitely.
Find the total area shaded.

(0 B I 1 1
i) squareB:—:-—=—
1 416
1 1 1
square C: — - — = —
16 ] 4 64
. square B To 1
i) ———=—=—
square A % 4
1
squareC g 1
B L 4
square -
Since the ratios of successive terms are constant, the sequence is geometric.
1
i) r =—
(iii) 2
. 1 1 5
i) T+—==



S ~ 0.333328 (to 6 s. f.)

Notice that in this case, the exact answer will not get full credit, as the question
specifically requires six significant figures. You would certainly be allowed a calculator
for this.

u; 1/4

The following table shows four series of numbers. One of these series is geometric, one of the
series is arithmetic and the other two are neither geometric nor arithmetic.
(a) Complete the table by stating the type of series that is shown.

Series Type of series
0] 1+11+ 111+ 1111 + 11111 +...
(ii) 3 9 27
l+—4+—+—+
4 16 64
(iii) 09+4+0.8754+0.85+0.825+0.8+...
(iv) 1 2 3 4 5

— -+t —F+—+...
2 3 4 5 6
(b) The geometric series can be summed to infinity. Find this sum.
(@) (1) neither
(1) geometric
(ii1) arithmetic
(iv) neither
U, 1

(b) S= = =

Ly
b-r -3 3

2
P
Let log,, P = x, log,, Q =y and log,, R = z. Express log,, <®> in terms of x , y and z.

P\ P
logyg < QR3> = 2log,, < QR3> =2 <log10P —logyq (QR3)>

=2 (loglop - <10g10Q +logyg (R3))> =2 <10g10P — (logyoQ + 310g10R)>

=200 —(y+32)=2(x—y—3z)=2x -2y — 67
According to the markscheme either of those last two expressions would get the final mark, but the
one with nested parentheses would not. You have to finish distributing that negative sign.




10.

Given that logs x = y, express each of the following in terms of y.

(a) logsx?
1

(b) logs <—>
X

(¢) logysx

(a) logsx?=2logsx =2y
1

(b) logs(— ) =logsl —logsx =0—-y=—y
X

logsx _y

logs25 2

() logysx =

Given that p = log, 5, g = log, 2, express the following in terms of p and/or ¢.

(a) log,10
(b) log,8
() log,2.5

(a) log,10=1log,(2-5)=1log,2+1log,5=qg+p
(b) log,8 =log, (23) =3log,2 =3q

5
(c) log,2.5=log, 5= log,5 —log,2=p —q

Find the coefficient of x° in the expansion of (2 — x)°.

n
) a"b". In

The general formula for any term in the expansion of (a + b)" can be written as <
’

this case, we need the exponent on b to be 3. Therefore r = 3.
3\ 5s5-3 3 3 3
3 2°7(=x)’=10-4 .- —x> = —40x

The coefficient is —40.
You might have a calculator for the binomial coefficient, or you might need to use either Pascal’s

n) in the formula booklet.
r

triangle or the formula for <
When the expression (2 + a x)'° is expanded, the coefficient of the term in x> is 414 720. Find
the value of a.

Again, the general formula for any term in the expansion of (a + b)" can be written as

n
< > a"~"b". And again, we need the exponent on b to be 3. Therefore » = 3. Weird.
,

10
( ; > 21953ax)’ = 120 - 128 - a’x® = 15360a°x’
The coefficient there is equal to 414 720:

15360a° = 414720

a’ =27

a=3



8
2
11. Find the term in x> in the expansion of <§x - 3) .

n

This time in < ) a"”"b", weneed n —rtobe3,sor=>5.

r

8-5
8 2 8
<—x> (=3)°=56- —x =243 = — 40323
5 3 27

12. Letf(x)=+/x +4,x>—4and g(x) = x>, x €R.
(a) Find (g °f)(3).
(b) Find f~'(x).
(¢) Write down the domain of f .

2
@ gGN=g(V7)=(V7) =7
(b) First switch x and y, then solve for y.
— 4
x*=y+4
y=fTx)=x"-4

(c) The domain of ! is the same as the range of /. Since f'is a principal square root, its range is
all nonnegative values; therefore the domain of f~! is x > 0.

13. Show that =4/n+ —\/theren >0,n €”.
\/ﬁ+\/n + 1
1 \/ﬁ—\/n+ \/Z—\/n+ \/_ \/n+ \/—
=/n+1-

1
Viivasl | Yniyasl yiyasl -G

14. (a) Explain why any integer can be written in the form 4k or 4k + 1 or 4k + 2 or 4k + 3,

where k € 7.

(b) Hence prove that the square of any integer can be written in the form 4z or 4 + 1, where
te /.

(a) When any integer is divided by 4, it must have a remainder of 0, 1, 2, or 3. Therefore each
integer can be written in the form 44 plus that remainder, i.e. as 4k, 4k + 1, 4k + 2, or 4k + 3.

(b) Checking each of the squares from (a):
(4k)* = 16k* = 4 - 4k* = 41, where 1 = 4k
(4k +1)> = 16k* + 8k + 1 = 4(4k> + 2k) + 1 = 4t + 1, where t = 4k> + 2k.
(4k + 2)* = 16k + 16k + 4 = 4(4k* + 4k + 1) = 41, where t = 4k* + 4k + 1.
(4k + 3)* = 16k* 4+ 24k +9 = 4(4k> + 6k +2) + 1 = 4t + 1, where t = 4k> + 6k + 2.
Therefore any integer can be written in the for 4¢ or 4t + 1 where t € Z.




15.

16.

17.

(a) Provethatlog, b = log\/g \/Z where a,b € R*.
logy 36 — log; 2
1+1log,2
(a) Letlog,b = x. Then b = a*. Taking the square root of both sides gives

\/_ =1+/a" (\/Z) . Changing back to logarithms gives log N7 \/_ = x. Therefore
log, b =log \a \/E

(b) Using the result from (a) to rewrite the first term in the numerator gives
6
log;6 —log;2 log; > _logg3 1 2

1+ log, 2 _1+%_ 2 _% 3

(b) Evaluate

Letlog, x =mandlog,y =
(a) In terms of a, m, and/or n write down an expression for

»H x

@) . B .
(b) By determining an expression for ;, prove that log, x —log, y = log, —
(@ @@ x=a"

(i) y=a"

x a" X a™
(b) —=-—,s0log,— =log,— =log,a"" =m—n =log,x —log,y.

y a" y a"

Consider the finite geometric sequence 4, 8, 16, 32.
(a) Write down
(i) the common ratio;
(ii) the sum of the sequence.
(b) Show that there are no other geometric sequences with 4 terms and first term equal to 4
whose sum is equal to the value from (a) part (ii).
@ @ r=2
(i) 4+8+16+32=060
(b) 4+4+4r +4r*+4r° =60
l+r+r’+r=15
P+ri+r+14=0
We know that r = 2 is a solution of the equation from (a), so long division (or synthetic
division, or factoring) tells us that 7> + r> 4+ r 4+ 14 = (r = 2)(r> +3r +7) =
The discriminant of 7> + 37 +7=3%>—=4-1-7 = — 19, indicating that the second factor
will only have imaginary zeros, and there is no other real value of » that produces this sum.



18.

19.

(a) Provethatlog,b = fora,b > 0.

log, a
Let f (x) = 4*. The value of ¢ is such that f(c) = 7.
(b) Find the value of c.
(c¢) For the graph of y = f(x), write down
(i) the coordinates of the y-intercept;
(ii) the equation of the asymptote.
The graph of y = f(x) is translated by c units to the left resulting in the graph of y = g(x).
(d) Write down the function g(x).
(e) Find a different transformation that can be applied to the graph of y = f(x) to produce
the graph of y = g(x).
A stretch by a factor of log, b is applied to the graph of y = f(x) to produce the graph of
y=T.
(f) State whether the stretch is horizontal or Vlerticljll and tl"lnd the values of @ and b.
08

(a) Using the change of base formula, log, b = = .
logya log,a

(b) f(c)=4°="7T,s0c =log,7.
() (i) f(0)=4°=1,so the y-intercept is (0, 1).
(i) y =0,since lim 4* = 0.

(d) glx) =41 = gr+logy
(e) g(x) =4 HoeaT = 4x. 4l0ea7 = 4~ .7 which is a vertical stretch by a factor of 7.

() 7 =4lom 7 = 4rloga7 which gives a horizontal stretch with a scale factor of

. Usin
log, 7 s

1
5 =log;4,s0a =7 and b = 4.

the result of part (a),
logy

Letg(x) =3x -2, h(x) =

SX
Py .

(a) Find an expression for (4 o g)(x). Simplify your answer.
(b) Solve the equation (4 - g)(x) = 0.

5-gx) 53@x =2) 15x — 10
(@ h(g) = = =

Note that you do not get the last answer mark unless you work out the denominator.

g)—4 (Bx-2)—4 3x-6

) 15x—10_0
3x -6
Gx—6) 15x — 10 0- Gx—6)
X — —_— - . X —
3x—6
15x —10=0
10 2
. _

153



20.

21.

1
Consider the functions f(x) = 2x and g(x) = 3 x # 3.
(a) Calculate (f° g)(4).
(b) Find g~ '(x).
(¢) Write down the domain of g
1
(@) (fe8)4) =f<m> =f)=2-1=2
(b) First switch x and y, then solve for y.
1
X =—-
y—3

I like the Flip That Sucker Over method here; if two fractions are equal to each other, then

their reciprocals are also equal.

1

—=y-3

X

4 1

y=g(m=;+3
(c) The domain of g~ ! is the range of g. That fraction for g can be anything except 0, so the

domain of g ! is x # 0. That makes sense in the context of the answer to part (b), too.
Letf(x)=p — , where p, g € R*.

Part of the graph of f, including the asymptotes, is shown below.
y

(@)

(b)

A
! 10~ ’

The equations of the asymptotes are x =1, x = —1, y = 2. Write down the value of
® p;

i) ¢

Let R be the region bounded by the graph of £, the x-axis, and the y-axis.



()

(d)
(a)

(b)

(©)

(d)

(i) Find the negative x-intercept of f.
(ii) Hence find the volume obtained when R is revolved through 360° about the x-axis.
b Show that /(0 = 0+ D

(@) ow that f'(x) = -1

(i) Hence, show that there are no maximum or minimum points on the graph of f.

Let g(x) = f'(x). Let 4 be the area of the region enclosed by the graph of g and the x-
axis, between x = 0 and x = a, where a > 0. Given that A = 2, find the value of a.

(1) p =2, since this is the limit as x — o of f(x).

(i1)) g =1, because that makes the denominator factor to (x + 1)(x — 1).

) 3x
1 — =
x2—1
3x
2 =
x2—1
2x2 -2 =3x

Qx+D(x—=2)=0
1

xX=——x=2

1
So the negative x-intercept is <—5, 0) .

0 0 2
3x
(i1) J /2 (f(x))2 dx = J Vs <2 v ) dx ~ 2.51965 ~ 2.52 (3 s.f))
1 | X% —
-1 _1
Note that you are allowed a calculator on this problem, so to attempt to do that integral
by hand is a waste of time and effort, and also that you are not allowed a CAS on the IB
exam, so if your answer has a natural logarithm in it, you’ve used technology that is

prohibited.
. d 3x (x2=1)-3=3x(2x) 3x% — 3 — 6x?
(1) —_— 2 —_ = 0 — e
dx x2—1 x2—=1)2 x2—=1)2

—-3x*-3  3x*+3 3P+ 1)

W12 @12 (- 1)

(1)) Maximum and minimum points can only occur at critical points and endpoints. There
are no endpoints for this function. We see that f'(x) is undefined only when x> — 1 = 0,
which means f would also be undefined. There are no points there, so there cannot be a
maximum or minimum point there, either. Finally, f'(x) = 0 would mean that

x% 4+ 1 = 0; that equation has only imaginary solutions. Therefore /' has no maximum or
minimum points.

a a
[ gx)dx = J fx)dx =2
0 0

Since we know the antiderivative of this function, we can evaluate the definite integral.

5_ 3x a= 5_ 3a _(o_ 3-0 _ 3a
x2=1], a’z-1 0z2-1 a’-1
And then we can solve the resulting equation.

3
4 _»

az—1




—3a =2a*-2
0=2a%+3a-2
0=Q2a—-1)(a+?2)

Therefore a = — or a =—2. But we are given that a > 0, so the conclusion is that a = 7

22. The graph of a function f'is shown in the diagram below. The point A (-1, 1) is on the graph,
and y = —1 is a horizontal asymptote.

)

(a) Letg(x) =f(x — 1)+ 2. On the diagram, sketch the graph of g.
(b) Write down the equation of the horizontal asymptote of g.
(c) Let A’ be the point on the graph of g corresponding to point A. Write down the

coordinates of A'.
(a) One mark for the left endpoint in circle 1, one for the maximum in circle 2, and one for the

right endpoint in circle 3.

=

10



23.

(b)
(©)

y =1, translated up two units from the original horizontal asymptote. Note that this must be
an equation of a line; just a number will not get the mark.
Point A will have moved right one unit and up two units, so A’ is at (0, 3).

The function f'is defined as f(x) = (2x + 1)e™, 0 < x < 3. The point P(0, 1) lies on the graph
of f(x), and there is a maximum point at Q.

(@)
(b)

(©)

(d)
(e)

(a)

(b)

(c)

(d)

Sketch the graph of y = f(x), labelling the points P and Q.

(i) Show that f'(x) = (1 — 2x)e™.

(ii) Find the exact coordinates of Q.

The equation f(x) = k, where k € R, has two solutions. Write down the range of values
of k.

Given that f”(x) = e™(—3 + 2x), show that the curve of fhas only one point of inflexion.
Let R be the point on the curve of f with x-coordinate 3. Find the area of the region
enclosed by the curve and the line (PR).

The marks are A1 for shape, Al for correct domain, and A1 for labeling both points P and Q

in approximately correct positions.
y

14

1 f=Cx+1-e*- -1+ 2= (-2x—-14+2)=(1—-2x)e*
(i) AtQ,f'(x)=0.

1-2x)e*=0=>1-2x=0o0re ™ =0

Bute™ # 0.

Therefore at Q, x = %
(3)-(-) <
2 2
i
2

Based on the graph of f'in part (a), the horizontal line y = & can intersect the graph of ftwice
if1 <k <27,

The graph of f'will have a point of inflection (or, you know, inflexion) where f” changes
signs. Since e™* > 0 for all x, this sign change can only happen when —3 + 2x = 0, and that

| —
Il
=

2e”

has only one solution, x = >

11



24.

(e)

, , Te 3 -1 7e3-1 ,
The line (PR) has a y-intercept of 1 and a slope of 3-0 = 3 Therefore its
. Te” -1 o .
equation is y = ————x + 1. The area is given by the integral
: [ 731
2x + 1)e™ - Tx +1 )|dx = 0.529.
0

Again, you should pick up a calculator once you have written this integral. It would be fine if
the slope were given as a decimal in the equation for line (PQ).

Consider the functions f and g where f(x) =3x —5and g(x) = x — 2.

(@)
(b)

(©)

Find the inverse function, .
Given that g7'(x) = x + 2, find (g 7! o f)(x).

B x+3 _ _
Given also that (£~ - g)(x) = ysolve (1o )(x) = (g7 o f)(X).
Jf(x)

Let h(x) = —, 2.
et h(x) ()x;é

(d)

(e)

(ﬂ
(a)

(b)
(©)

(d)

glx
(i) Sketch the graph of & for -3 <x <7 and -2 <y <8, including any asymptotes.
(ii) Write down the equations of the asymptotes.

3x-5 .
. Use this to answer the

may also be written as 3 +

The expression
x=3 X —

following.
(i) Find Jh (x) dx.

5

(ii) Hence, calculate the exact value of J h(x) dx.

3
5

On your sketch, shade the region whose area is represented by J' h(x)dx.
3

x=3y-5
x+5=3y
x+5

y=f"x)= 3
(g ef)X)=f(X)+2=3x—5+2=3x—3
x+3

=3x-3
x+3=9x-9
12 = 8x

12 3
=—=—=—=1.5

8 2

Any of the three values on the last line gets the last answer mark.
(1) The first Al is for correct domain and range, the second for two branches with
approximately the correct shape, and the third for both asymptotes.

12



(1) x=2,y=3
1
(i) J<3+ )dx=3x+ln|x—2|+C
x—=2

5
(i) [3r+in|x=2|| =(3:5+In3) = (3:3+In1) =6+1n3
3
This shading would be added to the graph you made in part (d). It should not be a new graph.

Y

7

13



25. The graph of y = f(x) is shown in the diagram.

Va

|
[\S]
|
L
|
— [e)
1
_
[\S)
K
~
Wi
N
~
(02e]
“V

oL
(a) On each of the following diagrams draw the required graph,
@D y=2f();
YVa
2+
1F
2 1 9 1 2 3 4 5 6 7 8 =x
1k
oL
() v =f(—3).
Va
2_
1F
2 1 0 1 2 3 4 5 6 7 8 x
1k
L

(b) The point A (3, 1) is on the graph of f. The point A’ is the corresponding point on the
graph of y = — f(x) + 1. Find the coordinates of A’.

(@ ()
YVa
2_
1_
2 -1 0 1 3 4 5 6 7 8 «x
1k
oL



26.

(b)

(i)

oL
The point is reflected in the x-axis and then translated up one unit. So
(3, — 1) goes to (3,1) and then to (3, 2).

The area A km? affected by a forest fire at time 7 hours is given by A = A,e*’.
When ¢ = 5, the area affected is 1 km” and the rate of change of the area is 0.2 km>h~".

()
(b)
(a)

(b)

Show that k = 0.2.
1

Given that A, = —, find the value of # when 100 km? are affected.
e

Because 1 km? is affected at 1 =5, 1 = A,el™.

The rate of change of the area is — [Aoekt] = Aye"" - k in general. At ¢ = 5, this becomes
d

p [Aoe’“] = Aye"® - k = 0.2. Since we know that Ae*> = 1, substituting gives
X 1=5
l-k=k=0.2.

1
With this value of Ao, we now have that A = — - %%/,

e
100 = — - %
100 = ee—l . eO.Zt — e—1+0.2[

In100 + 1

Thenln 100 = -1+ 0.2t,and ¢t = o2 =5(n100 + 1) ~ 28.0 hours.

15



27. The function f(x) is defined as f(x) = — (x — h)* + k. The diagram below shows part of the
graph of f(x). The maximum point on the curve is P (3, 2).

VA
4.—
P(3,2)

2 - {

I W

(a) Write down the value of
i A
(i) k.
(b) Show that f(x) can be written as f(x) = — x> + 6x — 7.
(¢) Find f'(x).
The point Q lies on the curve and has coordinates (4, 1). A straight line L, through Q, is
perpendicular to the tangent at Q.
(d) (i) Calculate the gradient of L.
(ii) Find the equation of L.
(iii) The line L intersects the curve again at R. Find the x-coordinate of R.
(@ @1 h=3
(1) k=2
b fO)=—x=-3P+2=—-(x*=6x+9)+2
=—x’+6x-94+42=—x24+6x-7
(¢) Using the power rule on part (b), f'(x) = —2x + 6.
d @ fH=-2-44+6=-8+6=-2

1 1
The perpendicular to the tangent will therefore have a slope of — (—2> = —.

) y=1=s(-4
Slope-intercept form would also be fine here, as, presumably, would equivalent forms.
(ii1) First rewriting the line to solve for y gives y = %(x —4) + 1. Then setting the line and
parabolic equations equal gives an equation to solve.
%(x—4)+ l==x>+6x—-7

x—4)+2==-2x>+12x-14
2x2—11x+12=0
Cx=3)x—-4)=0

3

x=—,x=4
2

As x =4 corresponds to the coordinates given for point Q, the x-coordinate of R is —.

16



28.

The population of a city at the end of 1972 was 250 000. The population increases by 1.3%

per year.

(a) Write down the population at the end of 1973.

(b) Find the population at the end of 2002.

(@) 250000 -1.013 = 253250 people (exactly, or 253 000 to 3 s.f.)

(b) Since 2002 is 30 years after 1972 there would be 30 years worth of population growth.
250000 - 1.013%° ~ 368 318.361...
To three significant figures, this is 368 000 people.

17



